Curve fitting — cast into a probabilistic framework




Pattern recognition: an example




Linear Basis Function Models (1)

Example: Polynomial Curve Fitting
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y(z, w) — wo + w1z + wox® + ... +wy™ = ijazj




Sum-of-Squares Error Function
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Ot" Order Polynomial




15t Order Polynomial




3" Order Polynomial




9th Order Polynomial




Over-fitting

—©— Training
—O— Test

Root-Mean-Square (RMS) Error: Erus = /2E(w*)/N




Polynomial Coefficients

M=0 M=1 M=3 M =9
wg | 019 082  0.31 0.35
wk 1.27  7.99 232.37
w -25.43 -5321.83
wk 17.37  48568.31
W -231639.30
wi 640042.26
wi -1061800.52
wk 1042400.18
wi -557682.99
wy 125201.43




Data Set Size: N =15

9t Order Polynomial




Data Set Size: N =100

9t Order Polynomial




Regularization

Penalize large coefficient values

al A
2
Z Y(&n, W) —tn}” + §HWH2

MI»—\




Regularization: In A = —18




Regularization: InA =0




Regularization: Erus VS. In A
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Test
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Model Selection

Cross-Validation

run 1

run 2

run 3

run 4




The Rules of Probability

Sum Rule

Product Rule




Probability Theory

Marginal Probability
Yi LZY }Tj NG
p(X =) = .
)
Joint Probability Conditional Probability
PX =Y =y;) = p(Y = y|X = z) = 2

N ¢




Probability Theory

Product Rule

p(X:x’LvYZyj) —

Sum Rule
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p(Y = yg!X = xz)p(X = xz)




Bayes’ Theorem

p(X|Y)p(Y)

p(Y|X) = ()

p(X) =) p(X|Y)p(Y)
Y

posterior x likelihood x prior

Use p(X,Y)=p(Y[X)p(X)




Probability Densities
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Expectations

E[f] =) p()f(z)




Variances and Covariances

coviz,y] = BEg,[{z—Elz]}{y —Ely]}]
= Ex,y[xy] - E[x]]E[y]

covix,y] = Exy [{X —Ex]Hy" - ]E[YT]}}
= Exylxy']| —EXE[y"]




The Gaussian Distribution
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N (z|p,0?) = (2702)1/2 exp {_202 (@~ 'u)Q}

Azl e) N (|, 02) > 0

/ N (z|p,0?) dz =1
20 o




Gaussian Mean and Variance

E[z] = /OO N (zlp,0?) zdz = p
E[z?] = /OO N (z|p, %) 2° dz = p* + o*

var[z] = E[z?] — E[z]? = o




The Multivariate Gaussian

N, %) = iy s exp { =5 x-S - ) |
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Central Limit Theorem

The distribution of the sum of N i.i.d. random
variables becomes increasingly Gaussian as N
grows.

Example: N uniform [0,1] random variables.




Partitioned Conditionals and Marginals

1 - 10 .
Ty
p(zg|zy =0.7)
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Bayesian Inference for the Gaussian (1)

Assume o is known. Given i.i.d. data
x ={z1,...,2nx}, the likelihood function for
uis given by
p(x|p) = Hp T |p) = 1)N/2 eXp{% Z(:vnu)z}-

n—

p—t

This has a Gaussian shape as a function of u
(but it is not a distribution over u).




Gaussian Parameter Estimation

p(x) Likelihood function

N($n|ﬂ, 02)




Fitting normal distribution: ML

Pr(z|u, 0?)

Pr(zi. glp,0%) =

I
H PT(ZL’,L",[L, 02)
1=1

I
H Norm,, [11, 0°]

=1
! 2
1 - (ZLL — ,[L)
= ni/2 OXP _O“)Z 5
(2wo2)!/ —~ o
a ) Likelihood b) Likelihood C) Likelihood
~3.12x10° ~1.99x 107! ~7.18x 107
i =0.836
62=1.035
5.0 T 5.0 -5.0 T 5.0 -5.0 T 5.0
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Fitting a normal distribution: ML

Pr(zi. 1|, o?)

c) Likelihood
=7.18x 10
fi =0.836
52=1.035
5.0 T 5.0

Plotted surface of likelihoods
as a function of possible
parameter values

ML Solution is at peak




Bayesian Inference for the Gaussian (2)

Combined with a Gaussian prior over u,
p(p) = N (plpo, 05) -
this gives the posterior

p(p|x) o< p(x|p)p(pe).

Completing the square over u, we see that

p(plx) =N (ulun, o%)




Bayesian Inference for the Gaussian (3)

.. Where
o2 No} 1 <
AN = N08+02M0+N08+02'MML’ MML_N;xn
L _ 1 N
o2 o2 o?
Note
N=0 N—o0
KN HO HML
0% oL 0




Bayesian Inference for the Gaussian (4)

Example: p(ulx) =N (ulpn,o%) forN =10, 1, 2
and 10.
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Bayesian Inference for the Gaussian (5)

Sequential Estimation
p(plx) o< p(p)p(x|w)
N—1
= {pw 11 p(xnlu)} p(zn|p)
o< N (ulpn—1,0%_1) plen|p)

The posterior obtained after observing N -1
data points becomes the prior when we
observe the N data point.




Curve Fitting Re-visited




Maximum Likelihood

n=1
B N N
Inp(tjx,w, ) = — 5 > A{yln, w) - tn}’ Ty g - In(2m)
n=1
BE(w)

Determine WML by minimizing sum-of-squares error, F/(w).
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Predictive Distribution

p(t|z, W, Bur) = N (tly(z, wr), 51\_41L>




MAP: A Step towards Bayes

B i (O (M+1)/2 o T
p(wla) = N(wl|0,a 1) = (%> exp {—§W W}
p(W(x, t, i, ) o< p(t|x, w, B)p(w|a)

éﬁ: _p2 . G,T
5 Y(xp, W n}°+ 2W W

Determine WMAP by minimizing regularized sum-of-squares error, E(W) :




Bayesian Curve Fitting

p(tlx,x,t) = /p(t|x,w)p(w|x,t) dw = N (tjm(z), s*(z))
m(x) = Bp(@)TS Y Plan)tn  5°(x) =B+ p(x)TSe(x)

N
S —al+ 8 d@n)d@n)”  Slen) = (2%,....xM)"
n=1




Bayesian Predictive Distribution

p(tlz,x,t) = N (t|m(z), s*(z))




Curse of Dimensionality
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Curse of Dimensionality

Polynomial curve ﬁtting, M = 3

D D D

y X, W = Wo + szxz —+ Z waazz% + S‘ Y S‘wz]kxz%xk

1=1 5=1 =1 7=1 k=1

Gaussian Densities in
higher dimensions
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