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Overview

%k When and why 1is linear algebra useful?
%k Vectors and their operations

%k Matrices and their operations

%k Special matrices

%k Determinants

%k Eigenvalues and eigenvectors



Why linear algebra?

1.63 520 7.66 812 3.22
498 590 821 9.29 20.10

10.10  8.57 5.73 8.17 2.22
0.02 021 0.14 093 1.40
9.27 1027 13.12 890 9.01
744 698 5.62 820 7.21

100.10 8.22 7.54 60.10 1.69

40.20 29.21 12.45 10.41 8.90

32.33 21.59 10.21 499 2.62
299 1.67 1.01 0.80 0.07



Datasets are matrices
time —
neuron 1 1.63 520 7.66 8.12 322

neuron 2 498 590 821 929 20.10

neuron 3 10.10 857 5.73 817 2.22
neuron 4 0.02 021 0.14 093 140
neuron 5 927 1027 13.12 890 9.01
neuron 6 744 698 5.62 820 7.21
neuron 7 100.10 822 7.54 60.10 1.69
neuron & 40.20 29.21 12.45 1041 8.90

neuron 9 32.33 21.59 10.21 499 2.62
neuron 10 299 1.67 1.01 080 0.07
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Datasets are matrices
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gene |
gene 2

gene 3
gene 4
gene S
gene 6
gene 7
gene 8
gene 9

gene 10

Datasets are matrices
patient ——

1.63 520 7.66 812 3.22
498 590 821 9.29 20.10

10.10 &8.57 5.73 8.17 2.22
0.02 021 0.14 093 1.40
9.27 1027 13.12 890 9.01
744 698 5.62 820 7.21

100.10 8.22 7.54 60.10 1.69

40.20 29.21 12.45 1041 8.90

32.33 21.59 10.21 499 2.62
299 1.67 1.01 0.80 0.07



Matrix Arithmetic

Measure a mouse’s location

y position

<€ >

X position
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Matrix Arithmetic

Measure a mouse’s location

A

y position

X position



Matrix Arithmetic

Measure a mouse’s location and
A 10 of 1ts neurons

y position

>
X position



Matrix addition and subtraction

y position

X position

2
y position )

<€ >
X position




feature 2

Matrix addition and subtraction

feature 1

feature 1 2
feature 2 )



Matrix addition and subtraction

subtract the mean:

(2)-()
L

ature 1

feature 2




Matrix addition and subtraction

subtract the mean:

(27)-(15)

=l . =(&i 85)

feature 1

feature 2




feature 2

Scalar times vector

feature 1



feature 2

Scalar times vector

5 § 1\7’

feature 1

axi
Al
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Product of two vectors

e Element-by-element
e Inner product
e Quter product



Element-by-element product
(Hadamard product)

()= () = (o)



Element-by-element product
(Hadamard product)

aq . D1 B a1b1

a9 b2 o a-QbQ
al - ax) br b2} _ [aibt azb
a3 a4 b3 b4 azb3  a4b4



Example
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Example

[162, 162, 162, ..., 170, 155, 128],
[162, 162, 162, ..., 170, 155, 128],
[162, 162, 162, ..., 170, 155, 128],

> 0.25 +100

[ 43, 43, 50, ..., 104, 100, 98],

[ 44, 44, 55, ..., 104, 105, 108],

[ 44, 44, 55, ..., 104, 105, 108]

[162, 162, 162, ..., 170, 155, 128], [ .25, 0.25, ..., 0.25, 0.25], [100, 100, 100, ..., 100, 100, 100],
[162, 162, 162, ..., 170, 155, 128], [ .25, .25, ..., 0.25, 0.25], [100, 100, 100, ..., 100, 100, 100],
[162, 162, 162, ..., 170, 155, 128], [ .25, .25, ..., 0.25, 0.25], [100, 100, 100, ..., 100, 100, 100],

[ 43, 43, 50, ..., 104, 100, 981, ' [ 0.25, 0.25, ..., 0.25, 0.25], [100, 100, 100, ..., 100, 100, 100],
[ 44, 44, 55, ..., 104, 105, 108], [ 0.25, ©.25, ..., 0.25, 0.25], [100, 100, 100, ..., 100, 100, 100],
[ 44, 44, 55, ..., 104, 105, 108] [ .25, .25, ..., ©.25, 0.25] [100, 100, 100, ..., 100, 100, 100]



Example

(IMG - MIN)*255/MAX




Product of two vectors

e Inner product



Multiplication:
Dot product (inner product)
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Multiplication:
Dot product (inner product)
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Multiplication:
Dot product (inner product)

T =
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Multiplication:
Dot product (inner product)

T =
IZ,‘N) Y1

Y2
=T1Y1 +ToY2 + - T INYN

YN



Multiplication:
Dot product (inner product)

T =
."IL'N) Y1
Yz
.| =Ty Hx2y2 +

YN

N
— E :CQ yz
=1

-+ TNYN



Dot product geometric intuition:
“Overlap” of 2 vectors




Dot product geometric intuition:
“Overlap” of 2 vectors

Norm:



Dot product geometric intuition:
“Overlap” of 2 vectors

e
\T \008(9)

Orthogonal vectors:

T-Yy=20



Multiplication:
Dot product (inner product) Example 1

weighted average
m1=(w1 W2 W3 W4 ) ni
12
ng
T4
= W1N1 + WaTNo
+wW3zn3g + wWang

w n



Multiplication:
Dot product (inner product) Example 2

linear regression

patient —
gene 1 1.63 520 7.66 &.12 322

gene 2 498 590 821 929 20.10

gene 3 10.10 8.57 573 817 2.22

gene 4 0.02 021 0.14 093 1.40
gene 5 927 1027 13.12 890 9.01

gene 6 744 698 562 820 7.21



Multiplication:
Dot product (inner product) Example 2

linear regression

patient —
gene 1 1.63 520 7.66 &.12 322

gene 2 498 590 821 929 20.10
gene 3 10.10 8.57 573 817 2.22

gene 4 0.02 021 0.14 093 140
gene 5 0.27 1027 13.12 890 9.01
gene 6 744 698 562 820 7.21

For each patient, you also measure their Asperger’s disorder quotient



Multiplication:
Dot product (inner product) Example 2

linear regression

Definitely | Slightly Slightly Definitely
agre2 agre2 d'sagree disagree

1.1 prefer to do things with others ratner than on my cwn.

2.1 prefer to do things the same way over and over again.

3. If I try to imagine sometking, I find it very easy to create a oicture in my
mind.

4.1 frequently get <o strongly absarhed n one thing ~hat I Inse sight of othe-
things

5. I ofter notice small sounds when others do nct.

5.1 usually notice car numker plates cr similar strings of information.

7. Othar peoole tfrequently tell me that what I've szid is impolite, evan
though T think it is palite.

https://psychology-tools.com/autism-spectrum-quotient/

For each patient, you also measure their Asperger’s disorder quotient



Multiplication:
Dot product (inner product) Example 2

linear regression

patient —
gene 1 1.63 520 7.66 &.12 322

gene 2 498 590 821 929 20.10

gene 3 10.10 8.57 573 817 2.22

gene 4 0.02 021 0.14 093 1.40
gene 5 927 1027 13.12 890 9.01

gene 6 744 698 5.62 820 7.21
score 2 0 9 44 48



Multiplication:

Dot product (inner product) Example 2

gene 1
gene 2

gene 3

gene 4
gene S

gene 6

SCOIc

1.63

4.98

10.10
0.02
9.27
7.44

2

linear regression

patient —

520 7.66

590 8.21

8.57 5.73

021 0.14

1027 13.12
698 5.62

0 9

8.12
9.29

8.17
0.93
8.90
8.20

44

3.22

20.10
2.22
1.40
9.01
7.21

43

score = wigene; + wegene, + -

-+ Wegeneg



Multiplication:
Dot product (inner product) Example 2

linear regression

(’u;] Wo W3 W4 W; ?l}r,) 3.12
9.29

8.1/

0.93
8.90
8.20

score A4

gene 1

gene 2
gene 3

gene 4
gene 5
gene 6

44 = u18.12 + w99.29 4+ - - - + we&.20



Multiplication:
Dot product (inner product) Example 2

linear regression

patient —
gene 1 1.63 520 7.66 &.12 322

gene 2 498 590 821 929 20.10
gene 3 10.10 8.57 573 817 2.22

gene 4 0.02 021 0.14 093 1.40
gene 5 9.27 1027 13.12 890 9.01
gene 6 744 698 5.62 820 7.21

score 2 0 9 44 48

SCOIC = WT Zences



Product of two vectors

e Quter product



Multiplication: Outer product

(1) (y1 Y2 - ym)

N X1 TXM



Multiplication: Outer product

/:C’l \ (yl yz e yﬂ/]) /$1y1 I y2
L2 ra2lyy X2Y2
\2n / \ZNYL TN

N X1 TXM NXM

L1YM
LoYpT

INUM)




1)
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Multiplication: Outer product

/a:1y-| L1Y2
T2Y1  I2Y2

\ZNYL TN

L1YM
LoYpT

INUM)




1)

-y

(yl

Multiplication: Outer product

Y2

Yar)

(Y1 T1Y2
r2Y1  X2Y2

\ZNYL TN

L1YM
LoYpT

INUM)




1)

-y

Multiplication: Outer product

/331y'| L1Y2
T2Y1  I2Y2

\ZNYL TN

L1YM
LaYpr

INUM)




(o)

-y

Multiplication: Outer product

/331y'| L1Y2
T2Y1  T2Y2

\ZNYL TN

L1YM
LoYpT

INUM)




o)

vy

Multiplication: Outer product

/331y'| L1Y2
T2Y1  I2Y2

\ZNYL TN

L1YM
LoYpT

INUM)




Multiplication: Outer product

/:C’I \ (yl yz e yﬂ/]) /3:13/1 I y2
) T2y I2Y2
\-fI?N / \-’IJN Y1 LNY2

* Note: each column or each row 1s a multiple of the
others

L1YN
LoYpT

LINYM )



Multiplication: Quter product

Example: Covariance Matrices

ri1xry 1T .. .a:lch\
Xol1 XX

TN INITN)

When 7 = gj’and 2 has an average of zero,

this outer product is called the covariance
matrix




Matrix times vector

T =Wz



()

y ]\" I[

M X1

Matrix times vector

7 =Wz

Wi Wis
Wor  Was

Warni Ware

M XN

I‘ 1N
Wan




Matrix times vector:
inner product interpretation

Y1 Wi Wi o Wiy
Y2 Wor  Wa -+ Won / x| \
: : : : .
vi | | Wa Wi - W f
. \z/
YM War Wae -+ Wun

* Rule: the 1th element of y 1s the dot product of
the 1th row of W with x



Matrix times vector:
inner product interpretation

Y1 Win Wi --- Wiy
Y2 Wor  Wa - Won / Ty \
: : : : .
vi | | Wa Wi - W f
. \zw/
YM War Wae -+ Wun

* Rule: the 1th element of y 1s the dot product of
the 1th row of W with x



Matrix times vector:
inner product interpretation

Y1 Wit g VY 3y
Y2 Wor Way - Win / T \
: : : : T2
Yi Wi Wi - Win f
\zn )
YN Wy Wae -+ Wun

* Rule: the 1th element of y 1s the dot product of
the 1th row of W with x



Matrix times vector:
inner product interpretation

Y1 Wi Wi o Wiy
Y2 War  Wap -+ Won / Ty \
: : : : L2
vi | | Wa Wi - Wy f
. \z/
YM War Wae -+ Wun

* Rule: the 1th element of y 1s the dot product of
the 1th row of W with x



Matrix times vector:
outer product interpretation

77 (L)
(Wi Wi - Win) [z 1\
Wy, Wi - Wan | [ 22
\War1r Ware -+ Wun ) \& N}

e The product 1s a weighted sum of the columns
of W, weighted by the entries of x



Matrix times vector:
outer product interpretation

77 (L)
(Wi, Wi -+ Wiy \ (2 1\
Wi, Wi P Won A9 — Yo
(1)
_ , ] ) = [flu" £
\I/Vjp[ 1 "1';,"»'[ 2 I"{';‘"vf N ) \L'C f\’}

e The product 1s a weighted sum of the columns
of W, weighted by the entries of x



Matrix times vector:
outer product interpretation

77 (L)
/ ",‘}f; 1 ‘/‘/- ]_ 2 (A “1/"-1 lv \ / :I: 1 \
"/‘;'2 | ‘/I/‘:z 9 IRY T 1“1’;;2 N 5 5, —) ] \ _> &)
T = | 5 = WO 4, W
\Warr Wiz - Wun) \an

e The product 1s a weighted sum of the columns
of W, weighted by the entries of x



Matrix times vector:
outer product interpretation

)
/ "1;_: 1 ‘/‘/-12 (EAA "1/"-1 ZV \ / :I: 1 \
W, Woo oo MG o . N
7 (1 ) F 2
. : g ‘ — [111 £ 1621’ . —_
\War1 Wiz -+ Wan) \:1”-1\’)

e The product 1s a weighted sum of the columns
of W, weighted by the entries of x



Example of the outer product method

/ﬁ

(1))



Example of the outer product method

D006



Example of the outer product method



Example of the outer product method

y \/]

00 =0 ()-0)+)-0)

(3,3) .
 Note: different

combinations of
the columns of M
can give you any
............... vector in the

: plane

(we say the columns of M
“span” the plane)




Vector space

o Aset of “vectors” with rules for vector addition and multiplication by real numbers
» Conditions: VS includes an identity vector and zero vector, closed under addition and
multiplication etc. etc.

Vector subspace

Subset of a vector space, closed under addition and multiplication (should contain zero)

(3,5)
Vector subspace
«spanned» by a matrix




Rank of a Matrix

» Are there special matrices whose columns don’t
span the full plane?



Rank of a Matrix

» Are there special matrices whose columns don’t
span the full plane?

(1,2)

e -

(-2, -4)
You can only get vectors along the (1,2) direction

(i.e. outputs live in 1 dimension, so we call the
matrix rank 1)




Example: Development of cell types

genes
Yy W Wi - Win\ [
) (v
\?j;w/ \‘T":m'!1 "1”;’1.'!2 i W@ N) \JW‘N)

* Wa2 1s the influence of %ene 2
on developing cell type




Example: Development of cell types
inner product point of view

* How many cells of type 3 will be created?

5
Y3 = E Wiz,
J=1

* The response 1s the dot
product of the 3rd row of W

with the vector x (gene
eXpressions)




Example: Development of cell types:
outer product point of view

 How does gene 2 contribute to the distribution of

cell types ?-
\ 1stcolumnw
. of W
l\

——

if = o w4 mgﬁ}(z) SRR mjﬁ’;(.,) 4+ W (&)
Iﬁ_l
Contribution

of xj to
cell types



( A Age

Az Agg
\Ax1 Ao
N X P

l

Product of 2 Matrices

-"111‘-\ {B11 B
Asp Bz, Bags

ANP) \Bp1 Dp2

PXM

)

e inner matrix dimensions must agree

/

B 1.\ \
B 2\

UEM)

( Cii Ch2 Cm-i\
Ca1  Chy Ca s
\Cn1 Cn2 -~ Cn ;\,u'}
NXM

* Note: Matrix multiplication doesn’t (generally) commute, AB = BA



111 Ay
Ag] "1')2
.:4.,_]_ '4 J

\AN‘. Ans

 (Cijj 1s the mner product of the 1th row of A with the jth column

of B

Matrix times Matrix:
by inner products

.11‘1-’ \
Agp Bin By o By - DB’ [Cn Cro
f By By -+ By -+ DBan Cay Ca
A : : ; f - : :
: Bpy Bpa -+ Bp; -+ Bpy \Cn1 Cn2




111 Ay
Ag] "1');-
‘411 A 2
\AN‘. Ans

 (Cijj 1s the mner product of the 1th row of A with the jth column

of B

Matrix times Matrix:
by inner products

Agp Bin By - By -+ DBy’ [Cn Cro
f By: By -+ By -+ DBan Cay Ca
A 4 : 2 : - : :
: Bpy Bpa - Bp; -+ Bpuy \Cn1 Cn2




Matrix times Matrix:
by outer products

Aip\ (Bu B -+ Bur) (Cu Cu
‘/1219 B"_}" B“_A"Q Wk B‘..},J‘fl' (72] Cvzz

1\!}) \B'Pl B.P?. BP.‘M) \C.;\afl C;\fz

Cl M \
C‘Z M

C’YAV J\’f )



Matrix times Matrix:
by outer products

Aip\ (Bu B - Bur\ (Cu Cu
‘/1219 B"_}" B“_A"Q Mk B‘..},J‘fl' (72] Cvzz

1\!}) \B'Pl B.P?. BP.‘M) \C.;\afl C;\fz

Cl M \
C‘Z M

C’YAV J\’f )



Matrix times Matrix:
by outer products

Aip\ (Bu B - Bur\ (Cu Cu
‘/12‘[) B“z‘ B22 A BZJ‘(?’ (72] Cvzz

1\!}) \B'Pl B.P?. BP.‘M) \C.;\afl C;\fz

Cl M \
C‘Z M

C’YAV J\’f )



Matrix times Matrix:
by outer products

(‘4;1 ‘41‘.{} e *’41]-"\ (B'l'. Bl'z AR Bl;‘,-f\ /Cll Cllﬁ s Clz\f\
"12] 483 Mt "1‘21'-" B’.E'. BEQ Waknk B’Zﬁ&' p‘.ﬂ (722 S C‘Zz\i
\Ay, Anz - 48] \Begmpememepe.! \Cy, Cxz - Cwar

( Brl ) Br2 Brl"
) )

*C is a sum of outer products of the columns of A with the rows
of B



Matrix Properties

* (A few) special matrices
* The determinant
» Eigenvalues and eigenvectors



Special matrices: diagonal matrix

<5> _ 0 dy --- ()
0 0 - dy S
Tz |
o

» This acts like scalar multiplication



Special matrices: identity matrix

I =



Special matrices: inverse matrix
A7TA = AA 1 =1
(AB)"' =B 'A™!

Does the inverse always exist?

If a matrix does not have an inverse, it is called singular



Special matrices: transpose matrix
AT

e write the rows of A as the columns
(AB)! =B* A’

Special matrices: symmetric matrix

A=AT



Matrix Properties

* (A few) special matrices

* The determinant
* Eigenvalues and eigenvectors



How does a matrix transform a square?



How does a matrix transform a square?

<!
|
N\
DO
o
N———



What do matrices do to vectors?

/ﬁ

(1))






What do matrices do to vectors?

y \/]

D=0 0 -0

(3,3)

2) scaled

3
1

)=

e The new vector 1s:
1) rotated

3
3

)



What do matrices do to vectors?

Horizontal shear with Reflection through the Squeeze maoping with e oA Rotation by 8™ = 30°
m=1.25. vartical axis r=3/2
[1 1.25] (—1 0] '3/2 0 3/2 0 cos(m/8%)  —sin(r/6%)
0 1 0 1) | 0 2/3 0 3/2 sin(n/6")  cos(m/6%)
11
T T
> i . :’ : - iml X
n - o b
L [T = H
A

https://en.wikipedia.org/wiki/Matrix_(mathematics)




How does a matrix transform a square?




Geometric definition of the determinant: How
does a matrix transform a square?

o
Area — |det(M )l

det (‘é 2) ‘ = |ad — be]




Geometric definition of the determinant: How
does a matrix transform a square?

Area =

7
(l(:i l ( A’l ;l |




Geometric definition of the determinant: How
does a matrix transform a square?

Area = |del( M ',||

(1,2) no area!
(0,1) :
B an @ &1:0.) ................ franitaniennistitar thlS means the
: determinant 1s
Zero

what about 2 —2 X2



Determinant rules:

A*
AB
A~

1/|Al.



Trace of the matrix: sum of diagonal values

tr[AT] = tr[A]
trAB] = tr[BA]
tr]A +B] = tr[A]+ tr[B]
tr ABC| = tr|[BCA]=tr/CAB]|

t,r[ABC] £ tr[BAC]

Diagonal matrix: det(A) = tr[A]

Identity matrix: det(I) = tr[I] = 1



Matrix Properties

* (A few) special matrices

* The determinant
» Eigenvalues and eigenvectors



Eigenvalues and eigenvectors

Let A be a squared matrix
A 1s an eigenvalue of A
1f there exists a nonzero vector x such that

Ax = \x
RN

eigenvalue eigenvector



Eigenvalues and eigenvectors

Let A be a squared matrix
A 1s an eigenvalue of A
1f there exists a nonzero vector x such that

Ax = \x
RN

eigenvalue eigenvector



Eigenvalues and eigenvectors

Let A be a squared matrix
A 1s an eigenvalue of A
if there exists a nonzero vector x such that

Ax = \x
RN

eigenvalue eigenvector

Geometrical interpretation

A defines linear transformation,
x defines a direction

in which deformation is simple stretching / compression



Recall

sk Vectors and their operations
% Element-by-element product
% Inner product
% Outer product
skMatrices and their operations
% Inner product interpretation
%k Outer product interpretation
%k Special matrices
s*kDeterminants
% Eigenvalues and eigenvectors



