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Classification
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Example: Gender Classification

Incremental logistic regression

Pr(w;|x;) = Bern,,,

1
1 + exp|—o¢o + Zle Orilxi, ék]]

300 arc tan basis functions:  f[x;, &,] = arctan[€; x;]

Results: 87.5% (humans=95%)
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Regression vs. Classification

Regression:
T € |—00,00],t € [—00, 0]
Classification (two classes):

r € [—00,00|,t € {0,1}




Regression vs. Classification

Linear regression model prediction (y real)
y(x) = whx+wyg
Classification: y in range (0,1) (posterior
probabilities)
y(x) = f (W 'x +wo)
f: Activation function (nonlinear)
Decision surface: w'x + wy = constant

(Generalized linear models)




Decision Theory

Inference step
Determine either p(t|x) or p(x,1).

Decision step
For given X, determine optimal t.




Minimum Misclassification Rate




Minimum Misclassification Rate

p(z,Cq) i
p(mistake) = p(x € R1,C2)+p(x € Ra,C1) i p(@,Cs)
= / p(x,Cs) dx + / p(x,Cq) dx. i
Rl RQ ;
< Rl i > RZ >

We are free to choose the decision rule that assigns each point x to one
of the two classes. This defines the decision regions Rk.

To minimize integrand: p(x,Cr) = p(Ci|x)p(x) must be small

Assign x to class for which the posterior p(Cx|x) is larger!




Minimum Expected Loss

Example: classify medical images as ‘cancer’ or ‘normal’

Decision
cancer normal

cancer ( 0 1000 >

<
5
= normal 1 0




Minimum Expected Loss

Liip(x,Cr) dx

Regions R; are chosen to minimize

E[L] =  L;p(Ck|x)
k




Reject Option

0.0

‘ - - . m
reject region




Three strategies

1. Modeling the class-conditional density for each class C,, and
prior, then use Bayes

p(x|Cr)p(Ck)
p(x)

Equivalently, model joint distribution p(x,C,) (Models of
distribution of input and output are generative models)

p(Cr|x) =

2. First solve the inference problem of determining the
posterior class probabilities p(C,|x), and then subsequently
use decision theory to assign each new x to one of the
classes (discriminative models)

3. Find discriminant function that directly maps x to class label




Class-conditional density vs. posterior

class densities

Class-conditional densities

p(z|C1)

p(z|C2)
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Posterior probabilities

p(Cilz)

p(Calz)




Why Separate Inference and Decision?

* Minimizing risk (loss matrix may change over time)
* Reject option

 Unbalanced class priors

 Combining models




IMensions

Several d
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Several dimensions

Decision surface

T

Y(x) =W X + wy
weight _
vector bias

Crify(x) =20

C, otherwise




Perceptron 1

A linear discriminant model by
Rosenblatt (1962)

y(x) = f (W é(x))

: 1 >0
with f(a):{ J_rl’ Z<0

and feature vector @(x)




Perceptron 2

Perceptron criterion

Ep(w) = — Z WT¢ntn

M is set of misclassified patterns
Learning:

wl ) = wl™ — pVEp(w) = w'™ + ¢, t,




Perceptron 3
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Fisher’s linear discriminant 1

Projecting data down to one dimension

y=w' x

But how?




Fisher’s linear discriminant 2

Define class means

Try maximize

Mo — 1M :WT(m2 —ml) ot




Fisher’s linear discriminant 3

Instead, consider: ratio of between class
variance to within class variance

~ (ma — m )’
J(w) = s9 + 83
With e Z (Y — migp)”
neCy

Called Fisher criterion. Maximize it!




Fisher’s linear discriminant 4

Fisher criterion 5
(mg — my)

2 2
S1 + 85

J(w) =

Rewrite wTShw

J(w) =

w1iSww
Between-class cowv.

Sp = (m2 — ml)(mQ — m1)T

Within-class cov.




Fisher’s linear discriminant 5

w ! Sgw

J(w) =

wiSww

Differentiate with respect to w

(W Spw)Sww = (W' Sww)Spw

Sgw is proportional to (m,-m,)
Thus (Fisher’s linear discriminant):

W X ngl(mg — ml)




Fisher’s linear discriminant 6

Fisher’s linear discriminant

Fisher Criterion

(ma — m1)2

w o< Sy (my — my) J(w) = o
1 2
_ \\0" ' 0 \‘f/
Yo, C
/) X

-2

2
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Least squares for classification fails

Use logistic regression instead!




Probabilistic generative models

Posterior probability for class C, can be written
p(x|C1)p(C)

PER) = Saien(Cr) + pxICap(Ca)
1
" 1+exp(—a) =)
_ _ 1, PEICOP(C)
with o=l Cp(Ca)

and the logistic sigmoid function  o(a) = ;— exp(—a)




Logistic sigmoid function




Gaussian class-conditional densities (different
means, but equal variances)

1 1 1 B
p(x|Cr) = (27T)D/2 ‘2’1/2 exp {—§(x — u,k)TE 1(x — Hk;)}
Yields p(Ci]x) = O.(WTX + wp)
with wo= 37y — )
1 _ 1 B C
e L 1o igc_ﬁ

Linear function of x in argument of logistic sigmoid




class-conditional densities posterior probability p(Cllx)\




Probabilistic discriminative models:
Logistic regression - A model of classification

Posterior probability of class C; can be written
as a logistic sigmoid acting on a linear function of the

feature vector ¢

p(Ci|@) = y(¢) = o (W' ¢)

o(*) is sigmoid function _ 1
1 4+ exp(—a)

Also: p(Ca|lp) =1 — p(Cy|)

o(a)

M parameter (M(M+5)/2+1 for generative model)




Maximum likelihood logistic regression (1)

t’W Hyn {l_yn}l i

With t= (t1,....tx)T  and Yn = p(Ci|®,)
for a data set{o,,t.}, wheret € {0,1} and ¢, = P(x,), withn=1,..., N

Error function
N

E(w)=—Inp(tlw) == {tyIny, + (1 - t,) In(1 — y,)}

n=1

with Yn = U(WT¢n)




Maximum likelihood logistic regression (2)

E(w) = — Inp(tjw) = Z {toIny, + (1 —t,) In(1 — yy,)}

n=1

Gradient of the error function with respect to w
N

VE(W> — Z(yn — tn)qbn

n=1
Stochastic gradient update rule
W(T—I—l) _ W(T) o UVEn
T: iteration number; 1: learning rate parameter




Example
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Logistic regression
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Prwig.x) = Bern, | ————|
r(w|o,x) = Bern,,
1+exp[—qux]
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Pr(w|z) = Berny, [sig[¢o + ¢12]]

10

—
—

sig[¢o +¢1~’E]

$o + P17

-10 1 :
0 €T 1 T

Two parameters
0 = {¢07¢1}

Learning by standard methods (ML,MAP, Bayesian)
Inference: Just evaluate Pr(w|x)

Computer vision: models, learning and inference. ©2011 Simon J.D. Prince 36



Neater Notation

Pr(w|pg, p,x) = Bern,, [sig|a]]

To make notation easier to handle, we
e Attach a1 to the start of every data vector

T]T

7

x; < |1 x
* Attach the offset to the start of the gradient vector ¢

¢+ [¢po ¢']"

New model:

1
Pr(w|¢,x) = Bern,, L n exp[quX]]

Computer vision: models, learning and inference. ©2011 Simon J.D. Prince 37



Logistic regression
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